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The Landé -factor thus can be determined as = 2 * (
. The Landé -factor is a constant for a certain material system. Thus, in a plot of the SdH oscillations vs. 1/B, the spacing of the Zeeman splitting peaks (dips) for the Landau levels should be equidistant. However, both the above features are not observed in the log-periodic oscillations. (i) The index plot of 1/B n vs n shows no signal of the linear dependence ( Fig. 4A ). We also perform FFT analysis of the oscillations in the form of ∆R vs. 1/B at 4.2 K. The FFT analysis only gives peak F below 0.3 T, which cannot explain our observed oscillations in the magnetic field beyond 0.3 T. Besides, the peaks below 0.3 T can not be meaningful SdH periods because only one oscillation peak appears below 0.3 T, from which the period cannot be extracted correctly.
(ii) The logperiodic oscillations in our observation show no signal of equal spacing for any two groups of peaks or dips ( fig. S4 ), which is different from the trait of the SdH oscillations with Zeeman splitting. In fact, our observed oscillations show the property periodic in logB. Thus, the mechanism of the SdH oscillations with Zeeman splitting can be excluded for our observation of the exotic log-periodic oscillations.
Other Mechanisms beyond the QL
Many physical mechanisms may exist in a three-dimensional (3D) electronic system beyond the QL. In the case of a two-dimensional electron gas, the most famous phenomenon is the fractional quantum Hall effect (FQHE) (50), which reflects the fractionalization of an electron. For a long time, similar phenomenon has also been investigated in 3D bulk materials when they are subjected to a sufficiently strong magnetic field. Though the mechanism is still under debate, some MR oscillations in 3D systems beyond the QL had been reported and viewed as precursors to FQHE. For example, the signature of FQHE has been claimed in bismuth (39), Bi 2 Se 3 (40), graphite (51), and ZrTe 5 thin flake (30). Indeed, the electron-electron interaction becomes crucially important when all the electrons are confined to the lowest Landau level and the FQHE states might be observed in high quality samples (51). Trying to understand our observations in this diagram, we assume the first peak observed at ~0.3 T (approaching the estimated ~0.2 T) is at the lowest Landau level. The ratio of the last peak at ~34T (dip at ~50 T) to the first peak at ~0.3 T (dip at ~0.5 T) is as small as 0.01, which corresponds to a fractional index of 1/100, which is rather shocking. Meanwhile, the commonly observed smaller fractional indexes are invisible in the oscillations. Moreover, these oscillations could survive at temperatures as high as 100 K, while the FQHE effect is quite sensitive to a high temperature. Besides, we measured the resistance of s2 vs. sweeping bias at 25 mK under a selectively fixed magnetic field and the results do not agree with the behavior of a typical FQHE state or a Winger crystal state. Thus, it is impossible to assign our observation of the MR oscillations beyond the QL as developing FQHE states. Theoretically, the electronic spectrum of a three-dimensional electron gas system beyond the QL becomes analogue to a quasi-one-dimensional system. A variety of instabilities may occur in this regime, such as a spin, charge or valley density-wave transition (38). The proposed instabilities have been reported in a few materials, such as bismuth (41), graphite (52), and TaAs (53). Very recently, a high magnetic field study work was reported in ZrTe 5 , in which two anomalous MR peaks in the ultra-quantum regime are explained as the dynamical mass generation at the n=1 and n=0 Landau levels associated with the density wave transitions (23). It is natural, therefore, to consider whether our observations also result from a similar effect. The density-wave transition usually leads a huge increase of the resistance, as observed in other systems (23,52). In our observation, the sharp resistance increase is observed from 0 T to about ±1 T. The feature is extending in a wider magnetic field regime than that induced only by the WAL effect, which probably indicates a role of phase transition. However, other oscillations above 3 T do not accompany sharp change of the MR. Besides, the critical magnetic field for the phase transition is generally temperature-dependent (52), while the locations in B of oscillations in our samples are almost unchanged at different temperatures. Moreover, the density-wave transition generally occurs at only one critical magnetic field strength, while as many as five oscillating cycles (5 peaks and 5 dips) are observed here. Thus, the mechanism of density-wave transition is not responsible for the oscillations in our observation.
Supplementary notes on theoretical details
Considering that ZrTe 5 can be a Dirac semimetal (25,29), we treat the light hole as a massless Dirac fermion, and solve the spectrum of the massless particle in a Coulomb attraction potential from the charge center. In the following part, we consider the charge number = 1. Because of the small carrier density of holes (2.6×10 15 cm -3 ), the screening effect can be neglected. Thus, we consider the solution of the Dirac equation for a hole in a Coulomb potential and under the magnetic field as
We consider the symmetry gauge ⃗ = 2 (− , , 0), and the Coulomb attraction of central charge
. The solution can be represented by
Here, we use the spinor function ±1/2 ( , ) with J. J. Sakurai's notation (54), and we define = ±( + 1/2) with being a positive half integer for the following usage.
Discrete scale invariance (DSI) without magnetic field
After eliminating the angular wave function, we have the radial equation with the fine structure
The system has scale invariance for the massless Dirac equation ( = 0). Based on WKB analysis, we obtain the simplified differential equation for with i = 1, 2
The exact differential equation deduced from equation (SA3) without WKB approximation also have term of order O(R -1 ) (12-14) and can be neglected in the small R limit. Thus, the radial momentum satisfies
For α < |κ|, namely the subcritical regime, the system cannot have bound states due to Klein tunneling (12). In contrast, for α > |κ| namely the supercritical regime, the system can possess quasi-bound states (23). This phenomenon can also exist in two-dimensional graphene system (13,14). The radial momentum can only have real solution under the supercritical collapse case
In the following, we focus on the lowest angular momentum channel with = ±1.The radial momentum can be written as ≈ ℏ 0 . Based on the WKB (Wentzel-Kramers-Brillouin) analysis (55), we can obtain the energy spectrum of the two-body quasi-bound states. To be specific, the semi-classical quantization ∫ • = ℏ Here, we neglect the spectra width of these quasi-bound states originated from the Klein tunneling, which cannot influence the energy ratio of these quasi-bound states. Specifically, for the case of Dirac bands in ZrTe 5 , the Fermi velocity ≈ 4.0 × 10 5 m/s (25,29,31), and thus the supercritical collapse condition α > 1 can be satisfied (with ≈ 5.50). Considering the experimental value of ≈ 5.50, there exist other angular momentum channels satisfying the supercritical condition (SA6) with different value of 0 . For angular momentum channel = ±1, ±2, ±3, the corresponding values of 2 / 0 locate in the relatively narrow range of [3.20, 4.21] , and / 0 for = ±4, ±5 deviates from this regime.
Approximate DSI and dissolution of quasi-bound states under magnetic field
The magnetic field introduces a new characteristic length = √ℏ ⁄ . We consider the case that the Coulomb attraction | ( )| = ℏ is much larger than the Landau level spacing = √2ℏ , which is identical to ≪ √2 2
. Expanding in spinor spherical harmonic function, the radial equation of massless Dirac particle reduces to
The radial equation can be approximately written as
We can find that the influence of the magnetic field truly breaks the scale invariance of the system. The radial momentum satisfies 2 ≈ ( ) 
Comparison to the experimental results in ZrTe 5
We consider the Fermi velocity ≈ 4.0 × 10 5 m/s for the Dirac bands in ZrTe 5 (25, 29, 31) , and then Z ≈ 5.50 gives the scaling factor 0 = √( ) 2 − 1 ≈ 5.4. The influence of the magnetic field on the quasi-bound states in the Dirac system can be two-fold. The magnetic field induces a harmonic trap in the plane perpendicular to the magnetic field, and breaks the two-body quasi-bounds with large radius > √2 0 . This breakdown of the twobody bounds states induces change to the mobile carrier density, and thus gives rise to the logperiodic MR oscillations. For angular momentum channel with = 1, the theoretically estimated value for the approximate DSI factor  locates in the range of (2.76, 4.06). The approximate DSI feature is further confirmed by numerical simulation of equation (Fig. 4C) , and the approximate DSI with the estimated  ∈ (3.35, 3.50). Considering the contribution from higher angular momentum channels, the values of approximate DSI locate in a broader range, which is consistent with the experimental results shown in the main text. Based on the WKB analysis (55), we have obtained the energy spectrum evolution of the quasi-bound states under the magnetic field. When enlarging the magnetic field, the energy of the n-th quasi-bound states approaches the Fermi energy at the magnetic field B n . Elastic scattering between the mobile carriers and the quasibound states around the Fermi energy strongly influences the transport property. Moreover, the scattering between mobile carriers and Anderson impurity also contributes to the resistance, which manifests as the background of the MR oscillations.
The total magneto-conductivity
Based on the t-matrix approximation, we derive the longitudinal conductivity beyond the quantum limit under large magnetic fields (More general theoretical investigations are given in ref. 56, which is a theoretical expansion work based on the experimental discovery and related discussions in this current work.)
Here n s is the density of short-range scatterers, n c is the density of Coulomb scatterers, l * is the effective length along the magnetic field and t is the coupling strength between the bound states with the continuum of the lowest Landau level,  F is the Fermi energy,  n (B) is the energy for the n-th bound state and √ is the width mainly determined by the broadening effect of the lowest Landau level. The above microscopic formula can be further simplified into an empirical form which are more suitable for fitting the experimental data 
In solid state systems, there exist multiple mechanisms of scattering, which is different from the ultra-cold atomic systems. The resonant scattering of the two-body quasi-bound states contribute to the log-periodic oscillations as shown in the second term in equation (SA16), while the scattering of Anderson impurity gives the linear-B dependent MR as a background. Although the background due to scattering from Anderson impurity truly breaks the DSI feature, the DSI feature recovers after subtracting the non-oscillating background. This procedure is widely utilized in the analysis of quantum oscillations in solid state system, such as Shubnikov-de Haas oscillations and de Haas-van Alphen oscillations (16). As shown in the Fig. 2C and Fig. 3C in the main text, the data obeys the DSI properties after substation of non-oscillating background. Moreover, for Shubnikov-de Haas oscillations, one commonly uses the notation periodic in 1/B to highlight the underneath Landau level physics, although the oscillation amplitude changes with B (16)). For similar reason, we use the notation of log-periodic oscillations in the title to highlight the effect of quasi-bound states with DSI, although the oscillation amplitude also changes with B. Table S3 . Fitting parameters of log-periodic oscillations in different samples.
The second term in equation (SA17) satisfies the DSI with envelop function proportional to √ , and leads to the log-periodic corrections. The MR oscillation data shown in Fig. 2C can be well fitted by the theoretical results in equation (SA17), which is shown in Fig. 4D in the main text. Based on the fitting parameters shown in table S3, an averaging value of s 0 ≈ 5.4 is obtained and thus the Fermi velocity v F ≈ 4.0×10 5 m/s can be deduced for the Dirac bands in ZrTe 5 , which is very close to the results in previous literature (25, 29, 31) . Besides, the log-periodic oscillations at different temperatures can also be reproduced by the theoretical formula (Fig. S6A ) and the fitting parameters are shown in table S4. The factor s 0 ≈ 5.2 doesn't vary at different temperatures, while the parameter η 2 increases with the increasing temperature due to the thermal broadening effect. Thus, based on our quantitative analysis, the log-periodic oscillating MR in ZrTe 5 beyond the quantum limit obeys the approximate DSI feature, which originates from the resonant scattering between the mobile carriers and the two-body quasi-bound states around the Fermi energy. 
Based on the carrier density information from the Hall data, we estimate the Fermi energy in our ZrTe 5 samples that is about F0 = 15 meV. Considering g  20 (31, 35) , the Zeeman energy is comparable to the Fermi energy at about 30 T. Case (b): The Zeeman field only shifts the wave vector parallel to the magnetic field and the final energy spectrum of the lowest Landau level reads: 0 = ±ℎ ∥ − 2 . For this case, the Zeeman effect doesn't influence the Fermi energy or our results. This case happens when magnetic field is applied along the c-axis (31). In the following, we consider the quantitative influence of the Zeeman effect on our results for case (a), since case (a) happens when the magnetic field is applied along b-axis just like our experimental measurement setup.
Based on the relation of ( ) = 4 2 ℎ 2 • (N denoting the total carrier density), we obtain the magneto-resistivity ≈ • −2 (here we used the property  xx <<  xy for our data). By setting  F = 0, equation (SA14) is well consistent with equation (SA15), and the fitting curves are shown in Fig. S6B . As a real material system, the ZrTe 5 has a small Fermi energy F0 = 15 meV, and the Zeeman effect needs to be considered as shown in equation (SA18). After considering the Zeeman effect, the microscopic result from equation (SA14) with Zeeman effect shows a better match for the experimental results (s6), although there is no significant influence on the fitting curves ( fig. S6C ). Here we only consider the Coulomb scatterers and neglect the short-range scatterers which only contribute a non-oscillating background. We have to admit that the fitting shown in fig. S6C still deviates from the experimental data in both the small field limit and the large field limit. This deviation can be attributed to the background subtraction near the boundary. Because the subtracted background at the both ending fields is largely affected by the boundary condition, the extracted characteristic magnetic field B n for the oscillations at the boundary magnetic fields show a small error, which would lead to the certain deviations between the theoretical fit and the experimental data.
Related Discussions 4.1 Mass influence on the DSI
Based on the aforementioned analysis, we obtain the DSI of the two-body quasi-bound states in the supercritical collapse of Dirac particles with Coulomb attraction. The magnetic field introduces a new length scale into the system and breaks the DSI down to approximate DSI. Here, we consider the influence of mass term, which introduces a new energy scale and can also break the DSI down to approximate DSI for certain quasi-bound states.
We consider the magnetic field case with ≪ √2 2
. The system is still approximate spherical, and after expanding in spinor spherical harmonic function one can obtain the radial equation with mass term (1 + 2 )) (SA20) with = ℏ . Thus, the mass term has little influence on the DSI under large magnetic field limit with ≪ ℏ . The typical value of ℏ is about 12 meV at 1 Tesla.
Other physical mechanisms may also influence the DSI feature, which need further theoretical analysis. Firstly, the screening effect from the continuous band gives rise to a long-range cut-off for the two-body bound states, and the lattice constant gives the short-range cutoff. Based on the carrier density, estimation of the range with DSI feature locates in 0.4-60 nm, and the corresponding magnetic field locates in range of 0.2-150 T. Moreover, the continuous bands also contribute to the magnetoresistance, which is rendered as the envelope function of magnetoresistance without the log-periodic oscillations.
Relation to Efimov states
After completion of this work, we became aware of a preprint, which addresses the quasi-bound states and the signature of broken continuous scale symmetry in graphene probed by scanning tunneling microscope (43). Here we give a comparison of our results to those of graphene system with charge vacancy. The underlying physics of the DSI in our system is similar to the graphene case (13). The difference is that our work focuses on the three-dimensional Dirac fermions with Coulomb attraction. More importantly, the clear evolution of the two-body quasi-bound state under magnetic field is elucidated, and the remarkable influence of those quasi-bound states on the magnetotransport properties is revealed. In the experimental aspect, we have observed as many as five oscillating cycles (5 peaks and 5 dips) to clearly demonstrate the DSI and the twobody quasi-bound states in the condensed matter systems. Our work also indicates that the intriguing log-periodic oscillations (DSI) are potentially universal in the topological materials with Coulomb attraction. Moreover, although the DSI in our experiments remind us of the property of Efimov trimer states. However, we have found that the prerequisite for the Efimov trimer states is hard to be met in our system. The reason is twofold. Firstly, the resonant scattering condition for Efimov trimer states is hardly matched under the change of magnetic field in large regime. Secondly, the Efimov trimers are composite states of Schrödinger particles, while in our system the massless Weyl particles play a major role. Thus, the two-body quasi-bound states can be responsible for our observation of the novel phase with the DSI by showing the log-periodic quantum oscillations on the MR.
